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A method based on a new progressive fuzzy clustering approach to detect linear boundary and 

corners of 2D object outlines is presented. The linear boundary detection algorithm is 

implemented in two stages. The first stage obtains an approximate cluster prototype that is used 

by the second stage to generate a linear cluster. Linear clusters are iteratively developed by 

prototype centring using a possibilistic fuzzy membership function. Cluster and non-cluster 

points are progressively removed until the data set is unable to support a cluster. This clustering 

strategy enables automatic detection of cluster numbers and enhances efficient cluster 

development. The algorithm provides a. flexible framework to integrate heuristic clustering 

constraints or to adapt global fuzzy clustering algorithms for progressive clustering. Results 

obtained indicate robust clustering and accurate identification of cluster line parameters from real 

data silhouettes characterised by the presence of noise, fragmentation and partial obscurity. 

Key words: fuzzy clustering, possibilistic membership, boundary detection, corner detection and 

linear clusters. 

1 Introduction 

Characterising the boundary from outlines is an effective method to obtain useful information 

from digital images of real world objects. A variety of line detection schemes exist in the 

literature [1,2,3]. The Hough transform, invented by Hough in 1962, is historically considered the 

main method for detecting straight lines. Fuzzy clustering is an alternative approach that offers 

computation efficiency with lower memory requirements. A fuzzy clustering algorithm finds 

natural groups in data based on a least squares or similar error minimisation criterion weighted 

by fuzzy memberships with real values ranging from 0 to 1. Most fuzzy clustering methods today 
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are derived from the original fuzzy version of the ISOD AT A algorithm, termed Fuzzy c-Means 

(FCM) by Bezdek [4] and Dunn [5] in 1973. FCM is an unsupervised classifier subject to the 

constraint that the memberships in all clusters sum to one. Prior to running FCM, the number of 

clusters to be found has to be specified. After the clusters are found, a cluster validity test is 

usually applied to determine the optimal cluster number. The Fuzzy c-Varieties (FCV) clustering 

algorithms were introduced by Bezdek et al. [6] in 1981. These models allowed the c-prototypes 

to be r-dimensionallinear varieties, instead of points in the data space, as in FCM. FCV distances 

are measured from the data to lines (r = 1), planes (r = 2) etc., up to hyperplanes (r = d- I) 

where d is the dimension of the input data, to enable the detection of orthogonally r-dimensional 

linear shapes. Dave [7] demonstrated in 1989 an improved linear cluster detection of non-ordered 

data set with the adaptive fuzzy clustering algorithm (AFC). It consisted of the same objective 

functional as FCM but used a modified distance metric involving a mixing coefficient. He showed 

that the AFC compared favourably to the Hough transform. In both cases, the computing time 

was similar but the AFC used less memory and produced better results for the polygonal 

approximation of curves. In 1993, Krishnapuram [8] introduced the concept of possibilistic 

clustering. He reformulated the probabilistic constraint of FCM to a possibilistic framework that 

bases membership values solely as a function of the distance of a point from its nearest prototype 

or centre. He demonstrated that the possibilistic c-means (PCM) and their variants such as the 

possibi1istic Gustafson-Kessel (PGK) algorithm performed particularly well in the presence of 

noise. In 1995, Krishnapuram et al. [9] exiended the possibilistic algorithms to detect linear and 

quadric shell structures. 

The proposed boundary detection algorithm extends the scope of conventional fuzzy 

clustering, which is typically global and cluster validity dependent, into the realms of progressive 

clustering and independent of cluster validity measures. Progressive clustering finds and removes 

clusters in data one at a time, in a sequential manner. Consequently, cluster development is 

considerably more efficient than global clustering because the data set is progressively reduced. 

Extrinsic cluster parameters determine the number of clusters in data and thus avoid the need for 

cluster validity tests. The cluster prototype centring by membership framework (CPCM) 
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presented in this paper provides these clustering features. It also has the flexibility to include 

heuristic line constraints because the detection of authentic lines from real world objects can be 

complicated by recognition problems relating to the presence of noise, the quality and the nature 

of the edges. For example, an object that is slotted or notched has broken lines that may appear 

continuous to a fuzzy clustering algorithm. On the other hand, unwanted gaps could be 

introduced by unsatisfactory edge segmentation. The presence of noise also increases the 

possibility of creating false lines. To handle such problems, it is necessary to introduce domain 

specific line condition tests. 

In Section 2, we describe the details of the boundary detection algorithm using a 

possibilistic fuzzy membership derived in Section 2.1. The algorithm's pseudo code and the 

CPCM framework is presented in Section 2.5. Section 3 discusses the characteristics of the 

extrinsic cluster parameters. The cluster performance results of four real object silhouettes are 

examined in Section 4. Section 5 concludes the paper with a brief summary of the significance of 

the algorithm and the experimental results. 

2 Boundary Detection 

The CPCM framework detects a cluster boundary in two stages. In the first clustering stage, 

CPCM locates an approximate prototype using a possibilistic membership function. The second 

clustering stage refines the prototype membership to include the line gradient. Both stages are 

separately iterated until a satisfactory convergence occurs or the maximum iteration is exceeded. 

2.1 A Possibilistic Clustering Function 

Assume a fuzzy objective function of the form 

J.(u,v)~ ~E"::.a~; .. ' + ~R~{:);.~'] (1) 

for I < n < oo and d;k = llx.t- v;l! is a vector norm which represents the distance between the /c1h 

feature vector xk from its ith prototype v;. The cluster constant '17; is defined in section 2.2. Let the 
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data set X be defined as X= {x~,x2, ••• ,xk, ... xN} for N items in the finite subset of \Ha. Let U 

defines the real memberships u;k on X of xk in the ith fuzzy subset, and V denotes the c-tuples of 

cluster prototypes, v;. for i = l , .. . ,c. Let the cxN matrix U = [u;k] be a constrained fuzzy c-

partitions of X which satisfies the following three conditions: 

N 

u;k E [0,1] Vi,k, 0 <Lu;k <N Vi and maxu;k > 0 Vk 
k=l 

Theorem 1: U may be a global minimum for J n(U,V) of (I) only if 

1 
U;k = ( 2 , 2) 

exp d;k / 1]; 

Proof: Differentiating (1) with respect to u;k and setting the result to zero yields 

Theorem 2: V maybe a global minimum for Jn(U,V) of(l) only if 

V;= N 

Lu~ 
/c=ol 

Proof: Differentiating (1) with respect to v; and setting the result to zero yields 

N 2 2 

" n lid· 11 d;kl'l; - 0 L,.U,k 1k e -
lc=ol 

Substituting (3) and d;k = llxk - v;ll into (4b) gives 

N 

I U;~-lllx k -vi 11 = 0 which yields ( 4a), since n > 1 is an arbitrary constant. 
.I.= I 

(2) 

(3) 

(4a) 

(4b) 

The 7J; term in (3) provides a reference level for membership u;k. The possibilistic function of (3) 

is evident in the structure of objective function (1). The first term of (1) requires the distances of 

the feature vectors from their prototypes be made as small as possible whilst the second term 

forces the membership u;k to be as large as possible. An advantage in expressing the membership 
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function in the form of (3) is the avoidance of the singularity problem present in FCM. With 

possibilistic membership, d;k = 0 results in unit membership. 

2.2 First Stage Clustering 

To adapt the global fuzzy clustering equations of (3) and (4a) for progressive clustering, the 

cluster index i is ignored. For the purposes of this paper, our analyses will be concerned only with 

data set in two dimensional feature space. Consequently, the membership equation for points in 

9l2 is given by 

1 
(5) 

where the kth feature vector or point xk = [xk Ykf and the cluster prototype is v = [v1 v2Y. The 

cluster constant is defined by 

(6) 

where Ne is the total number of points in the current data list and s is a scale factor. The prototype 

component equations are given by 

(7a) 

(7b) 

First stage clustering algorithm 

Assign data centroid to initial vo. 

Repeat 

Calculate uk from (5) and 17 from (6). 

Calculate v from (7a) and (7b). 

Find nearest neighbour of prototype v and assign to v. 
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Untilllvr- Vr-dl < 8 or t > 50. 

Note: 8 is a small number to determine the stopping point and t is an iteration index. 

2.3 Second Stage Clustering 

The second stage coerces the prototype from the first stage towards a linear cluster boundary, 

with an additional test for a line gradient. The line gradient is defined by 

m = Ne 

LFk 
A:= l 

0 otherwise 

if uk >at 
otherwise 

(8a) 

(8b) 

where ar is the alphacut or threshold on membership uk. The line gradient is used in a 

membership equation defined by 

1 
(9) 

where 71 is defined by (6) and q is a real valued exponent on the distance metric. The prototype 

equations are identical to (7a) and (7b). 

Second stage clustering algorithm 

Use initial v from the first stage clustering. 

Repeat 

Calculate m from (8a). 

Calculate uk from (9) and rz from (6) . 

Calculate v from (7a) and (7b). 

Find nearest neighbour of v and assign to v. 

Untilllvr- Vr.dl < 8 or t > 50. 
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Note: 8 is a small number to determine the stopping point and t is an iteration index. 

The point-slope form of the line equation in (9) requires special treatment as the slope 

approaches infinity. One way of dealing with this condition is to store the points with very small 

differences in the horizontal axis and later assign these points with an arbitrary large gradient. 

Consequently, it is necessary to check for an infinite gradient condition prior to calculating the 

line gradient. The CPCM framework supervises the clustering process to ensure that only a valid 

cluster is developed and also manages the data for efficient processing. 

2.4 Cluster Merging and Corner Detection 

Discontinuity in a line may arise in a number of ways such as from naturally occurring features of 

the object or from the edge segmentation process. Consequently, this information needs to be 

considered by the clustering algorithm so that real line breaks are correctly recognised and 

spurious ones are ignored. A continuous line is defined according to the rule: If the pixel gap 

g :5: pgap (specification) then the line is continuous. The pixel gap is defined as the distance 

between two ordered adjacent pixels. 

To check for a continuous line in the horizontal axis, we used the following procedure, 

assuming the points have been first sorted in an ascending order. 

Line continuity check 

For (i = 1 to Ne) do 

Begin 

If (x;+I- X;> pgap) Then 

If (xcount < Nm;n) Then Start a new line and discard previous accumulated points. 

Else Continuous line found and exit procedure. 

Else Accumulate X; as a line point and increment xcount. 

End. 
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The symbols xcount, Ne and Nm;n represent the count of X; as a line point, the current data 

count, and the minimum number of cluster points respectively. The loop control variable is 

denoted by the index i. The test for xcount is made to ensure that only a valid cluster 

(points> Nm;n) will constitute a continuous line. 

To assess suitability for cluster merging, we apply three tests in the following order: (i) 

slope ratio test, (ii) line separation test and (iii) line ends gap test. The slope ratio test evaluates 

the sign of the ratio of line gradients. If the ratio is positive, then the lines are candidates for 

merging. The line separation test involves two line equations as shown in Fig. 1, where the points 

(x~.y1 ) and (x2,y2) are the line prototypes and m1, m2 are their corresponding gradients. 

Figure 1 Line separation distance definition. 

(lOa) 

(lOb) 

1 
Y = Yt --(x-x1) ifm1 ~ m2 (lOc) 

ml 

The line separation distance is defined as 

(11) 

For g calculated from (11), if g ~ lgap (specification), then the lines are considered to be 

candidates for merging. The line ends gap is defined as the gap between the two nearest ends of 

the two lines. If this gap, g ~ egap (specification), then the two lines are candidates for merging. 
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In consequence of merging the clusters (may involve more than two clusters), the prototype 

position and the gradient for the new line have to be calculated. At this point, a least squared fit 

of the line or other robust line regression methods given in [10] can be applied to improve line 

detection in the presence of noise. Our algorithm implements a standard least squared error fit of 

the cluster points. 

Once a continuous line has been established, the detection of corners is relatively straight 

forward. For corner detection, we apply the rule that the closest ends of two lines form a corner. 

In case the ends of the lines are intended to be open ended, we can apply a gap test to ensure that 

corners are only found for line ends in close proximity. This corner prescription assumes all 

corners are defined likewise, a reasonable simplification used in this application. Fig. 2 shows the 

line relationships for corner calculation. Points (x1, YJ) and (x2,Yz) are the line prototypes and m1, 

mz are their corresponding gradients. 

Figure 2 Line corner definition. 

Y1- Y2 -mlxl +m2x2 
X= 

m2 -ml 

y=y2 +m2 (x-x2 ) ifm1 >m2 

y = y1 + m1 ( x - x1 ) if m1 -:;. m2 

The corner gap is the minimum distance defined by 

g = min( ~(x- xt)2 + (y- yt)2or~(x- x2 )2 + (y- Y2 )
2

) 

If g-:;, cgap (specification), then the corresponding lines have a candidate corner. 
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2.5 Pseudo Code and CPCM Framework 

The pseudo code for linear boundary detection and the CPCM framework is given below. 

Pseudo code and CPCM framework to detect linear clusters 

Initialise a~, Nmin, q, s, pgap, /gap, egap, and cgap. 

Compute initial v from mean data centroid and 11 from (6). 

Repeat 

First stage clustering loop (from Section 2.2). 

Second stage clustering loop (from Section 2.3). 

If (0 :5: N a < N min) Then Remove N a from data and update Ne. 

If (Na >= Nm;n) Then Save cluster parameters (line ends, slope and prototype), 

remove cluster points of prototype v from data and update Ne. 

Until (Ne< Nmin) 

The symbols Nm;n, Ne and Na represent the minimum points in a cluster, the current points 

count of the data list and the number of points in the current cluster, respectively. For each of the 

four test objects used in the experiment, satisfactory clustering performance was obtained by 

presetting eight of the parameters to the following constant values: a1 = 0.95, Nmin = q =/gap= 5, 

pgap = egap = cgap = 10 and, s = 0.5. All constants, except fors, have units in pixel. 

The different types of cluster tests used in the linear cluster detection algorithm are 

summarised below: 

1. Cluster validity test: If cluster points, N a ~ Nmin then a valid cluster is found. 

2. Line continuity test: If pixel gap :5: pgap then the points constitute a continuous line. 

3. Line merge criteria: Merge lines if all three criteria, in the order shown, are satisfied. 

(i) If ratio ofline slopes (maximum= 1) > 0 and 

(ii) If the line separation distance :5: /gap and 

(iii) If ends of lines gap :5: egap, then the lines are merged. 

4. Corner test: If the two nearest ends of the lines :5: cgap, then a corner exist. 
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3 Characteristics of Extrinsic Cluster Parameters 

The four extrinsic cluster parameters refer to at, q, s and Nmin· The first three parameters 

influence the membership uk. These parameters determine the progressive development of 

clusters, unlike the passive role of cluster validity indices, which test the clusters after the clusters 

have been found. At a fixed membership uk and the distance exponent q, the cluster radius d 

decreases with increasing values of 17 as indicated in Fig. 3. This means that smaller 77 values are 

easier to cluster because there are more cluster points for a given at. However, the cluster results 

are not likely to be as accurate as those at larger 71 values. Since the first stage clustering is only 

expected to locate an approximate cluster prototype, accuracy of cluster prototype location is not 

essential at this stage. In general, the upper and lower bounds of 17 depend on the data structure. 
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Figure 3 First stage membership functions from equation (5). 
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Figure 4 Second stage membership functions from equation (9), at fixed q. 
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The second stage clustering refines the approximate prototype v from the first stage by 

applying a membership threshold at and looks for a line gradient from (9). Figure 4 shows the 

influence of q on the membership. Like the first stage clustering, smaller q values are easier to 

cluster because they yield more cluster solutions but tend to produce less accurate clusters. Larger 

q values generally produce less cluster solutions but more accurate cluster parameters such as the 

line gradient and the location of the prototype. The inclusion of procedures for compatible cluster 

merging in the algorithm design, supports high q values for more accurate clustering. Normally, 

high q clustering results in fragmented clusters of small line segments. To remedy this, 

compatible clusters are merged according to the three criteria given in Section 2.4, resulting in a 

more compact cluster structure. An example of cluster merging is demonstrated in Section 4. 

4 Experimental Results 

The algorithm was evaluated on four different objects, numbered I to 4. All objects were acquired 

in 256 gray levels at 256 x 256 pixel resolution and subsequently edge segmented. Object number 

I (Fig. 5) tests line detection performance. It is an L-shape block with long and short line lengths 

that are quite well defined. Object 2 (Fig. 6) is almost square shape, also with well defined long 

and short almost vertical lines but differentiated by a medium size notch on the top side and a 

smaller notch on the right side. The image tests the algorithm for correct recognition of lines on 

either side of the notch. Object 3 (Fig. 7) is a poorly defined pentagon in a noisy background to 

assess the impact of noise on cluster recognition and detection accuracy. Object 4 (Fig. 8) is a 

silhouette of an electric motor armature housing, containing edge noises and fragmented outlines 

associated with typical problems oflow level edge segmentation. This image tests the algorithm's 

performance under real world conditions. 
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(a) Eight clusters detected. (b) Eight corners detected. 

Figure 5 Object number 1 (475 points) at fixed cluster parameters of Table 2. 

(a) Ten clusters detected. (b) Ten corners detected. 

Figure 6 Object number 2 (516 points) at fixed cluster parameters of Table 2. 

In Fig. 5, all eight clusters and corners of were detected correctly. The cluster prototype is 

denoted by a small circle and computed as the mean of the cluster points. The lines of the clusters 

are superimposed on the object's outlin~ to assist comparison. The end of each cluster line is 

indicated by a small cross. The absence of spurious lines in Fig. 5 is attributed to the effectiveness 

of both the line continuity check and the compatible cluster merging algorithm. Small gradient 

errors, noticeable in Fig. 5(a), result from the general choice of fixed cluster parameters of Table 
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2. Using a larger q or a1 is expected to improve accuracy of the clusters for the reasons given in 

Section 3. 

Figure 6(a) shows two line notches correctly detected. The line gaps from both notches are 

35 and 17 pixels, respectively. The correct identification of corners is shown in Fig. 6(b). Note 

tl1at the lower corner of the smaller notch only appear misplaced because of the way the adjacent 

lines intersect. As in Fig. 5, the algorithm correctly detects vertical lines. 

Figure 7(a) is a noisy image of a pentagon. The algorithm correctly identifies the five 

major clusters in Fig. 7(c) and the five corners in Fig. 7(d). Figure 7(b) shows seven clusters 

found before cluster merging. Merging the clusters results in five clusters shown in Fig. 7(c). All 

five corners of the fragmented pentagon are correctly identified from the intersection of adjacent 

lines. Note that the clean image of Fig. 7(c), compared to Fig. 7(a), is a feature of CPCM which 

automatically removes noise points during cluster development. Table 5.1 summarises the line 

statistics of the pentagon objet, relating to the number of points in each cluster (line), prototype 

positions, slope and corners. 

Figure 8(a) is an outline of an arn1ature housing, with noisy edges and line discontinuities. 

The error in the linear cluster approximation of Fig. 8(b) at the top face of the housing is not 

unexpected given that a linear algorithm is applied to a non-linear edge. Despite this condition, 

the corners are accurately detected as shown in Fig. 8(c). A smaller q (eg. q = 3) in Fig. 8(d) 

yields a fuzzier line segment and thus less accurate corner detection compared to q = 6.5 in Fig. 

8(c). 

Spring 1996 Australian Journal of Intelligent Information Processing Systems 



.. -··· -:: ...... . . 

·' 

, .. 

_..,..·· 

.... .~··r ........ . .~ 

• ·- ........ • • ._ .J. :..,· 

(a) Noisy pentagon. 

.. 

> 

l. ·=.. • 
• ; ... -~ y 

... 

(c) Five clusters after merging. 

(b) Seven clusters before merging . 

·' 
~: 

.. -·+, ........ . . .. ~ . ""·· + .. · _ __..·· '· '"-+ 

........ . . : .. • < . .. 
- ·~ ..... r· .: 

,. . 

(d) Five corners detected. 

55 

Figure 7 Object number 3 (252 points) at fixed cluster parameters of Table 2. The cluster centre 
is denoted by a small circle and the corners and ends by small crosses. 

Cluster Number Centre Slope 
of points (pixel units) 

1 51 176,69 1.12 
2 30 120, 128 0.224 
4 31 191, 125 -0.813 
5 42 104,52 -0.277 
7 8 70, 102 3.58 

Table 1 Summary of the 5 line statistics of Fig. 7(c). The corner dimensions of Fig. 7(d) are: 
(209, 109), (148, 39), (166, 142), (74, 114) and (60, 65). The origin of the coordinates is at the 

lower left corner of the image. 
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(a) Outline of noisy armature housing. (b) Clusters identified with q = 6.5. 

(c) Corners detected with q = 6.5 (d) Corners detected with q = 3. 

Figure 8 Object number 4 (1196 points) at fixed cluster parameters of Table 2. 

Object Number 11 a, Processing 
of POints time (sec) 

1 (Fig. 5a) 475 45.3 0.95 1.5 
2 (Fig. 6a) 576 60.3 0.95 3.5 
3 (Fig. 7a) 252 48.9 0.95 1.5 
4 (Fig. Sa) 1196 61.3 0.90 10.9 

Table 2 Summary of processing times. Extrinsic cluster parameters were fixed to the following 
values: a1 =0.95, Nmin = q =/gap= 5, pgap = egap = cgap = 10 and, s = 0.5. 

Table 2 summarises the processing time to cluster each of the four objects on an 

i486DX/33-MHz Intel microprocessor. 
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5 Conclusions 

A new method for detecting linear boundary and corners has been presented. It is based on a 

progressive clustering approach involving two clustering stages supervised by CPCM. The first 

stage centres the prototype at a round shape dense cluster to enable detection of a linear cluster by 

the second stage. Four objects have been used to test the algorithm's clustering performance in 

noisy environments. The results demonstrate accurate clustering of lines and the detection of 

corners. Processing time for clustering was reasonably fast. The accommodation of specific line 

termination conditions demonstrates the flexibility of the CPCM framework. By modifying the 

distance metric d;k, it is possible to detect other cluster structures such as hollow circles or shells. 

These examples indicate that CPCM cari be extended in ways that will support more sophisticated 

clustering. The experimental results demonstrate that it is possible to preset the extrinsic cluster 

parameters of the algorithm so that the intrinsic cluster parameters such as the prototypes, line 

gradients and the positions of corners are determined automatically. In particular, the same preset 

constants yielded optimal cluster numbers for each of the four different objects. In the 

experiment, these constants were empirically established. Future research will attempt to 

investigate the empirical relationships of these constants to the structure in data. 
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